[image: image1.png]Section 13.3: Arc Length and Curvature

Arc Length=s=L

If we have x = (t) and y = g(t)
as<t<b
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Arc length in vector form:
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[image: image2.png]Example: Find the length of one turn of the helix
given by

r(t) =bsinti+bcostj+1-b"tk

Note: One turn =0 to 21T




[image: image3.png]Curvature: the measure of how sharply a curve
bends

In the curve C, the curve bends
more sharply at P then at Q...so
we say that the curvature is
greater at P than at Q

To measure the bending at a point on a curve, we
calculate the rate at which ¢ (The angle of
inclination of the unit tangent vector T) changes
with respect to arc length s.

Note: ¢ is phi




[image: image4.png]&; is the angle of inclination of T;




[image: image5.png]Let C be a smooth curve given by
(1) =x()i+y ()i
where s is the arc length paramater. If ¢ is the angle

of linclination of the unit tangent vector T at s, then
the curvature at the point (x(s), y(s)) is:

K = uppercase Greek letter Kappa
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[image: image6.png]Example 2:
Find the curvature of a figure with

r(f)=acosti+asintj




[image: image7.png]Curvature of the curve given by the vector function
ris:
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[image: image8.png]Example 3:
Find the curvature of the twisted cubic:
F(1) = <t,t2,t3>

at a general point AND at (0, 0, 0)




[image: image9.png]Special case: Curvature in rectangular coordinates

If C is the graph of a twice differentiable function
given by y = f (x), then the curvature of the point
(x,y) is given by:
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[image: image10.png]Example 4:
Find the curvature of the parabola given by
y=x ! x?
4

atx=2andx=4




[image: image11.png]Principal unit normal vector N(t) [or the unit
normal] is:

T'0)
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B(t) is the binormal vector

N(@) =

Note: The normal vector indicates the direction in
which the curve is turning at each point

B(t) = T(t) x N(t) which is perpendicular to both
T and N and is called a unit vector




[image: image12.png]Example 5:

Find the unit normal and binormal vectors for the
circular helix:

r(f) =cosfi+sinfj+rk




